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Node Metadata Can Produce Predictability Crossovers in Network Inference Problems
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Network inference is the process of learning the properties of complex networks from data. Besides
using information about known links in the network, node attributes and other forms of network metadata
can help solve network inference problems. Indeed, several approaches have been proposed to introduce
metadata into probabilistic network models and to use them to make better inferences. However, we know

little about the effect of such metadata in the inference process. Here, we investigate this issue. We find that,
rather than affecting inference gradually, adding metadata causes a crossover in the inference process and
in our ability to make accurate predictions, from a situation in which metadata do not play any role to a
situation in which metadata completely dominate the inference process. When network data and metadata
are partly correlated, metadata optimally contributes to the inference process at the crossover between data-

dominated and metadata-dominated regimes.
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I. INTRODUCTION

Many systems can be represented as networks, with
nodes representing units (for example, people in a social
network, or proteins in a protein-protein interaction net-
work), and links representing interactions between the units
(for example, friendship relationships between people or
physical binding interactions between proteins). Network
inference is the process of inferring the properties of those
networks from data; typical network inference problems
include the identification of groups of nodes with similar
connection patterns or the identification of unobserved
interactions, that is, link prediction [1-6]. Network infer-
ence and, in particular, link prediction are increasingly
important in problems with applications ranging from
the prediction of interactions between drugs [7-9] to the
prediction of human preferences and decisions [10-14].

Typically, network inference starts from observations of
some of the links in the network, which are used to predict
unobserved links or to infer other network properties.
However, other sources of information such as system
dynamics [15,16] or node attributes [13,17-25] can also be

*Corresponding author.
roger.guimera@urv.cat

"Corresponding author.
marta.sales @urv.cat

*oscar.fajardo @urv.cat

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOL.

2160-3308/22/12(1)/011010(11)

011010-1

Subject Areas: Complex Systems, Statistical Physics

used to aid in the inference process. Here, we study how
node attributes are introduced in the inference process and
what the effect of using such metadata is. In this regard, our
work is in line with previous work treating metadata as
additional data [13,17-25] and warning against the practice
of using metadata as “ground truth” against which infer-
ence approaches should be evaluated [23]. Indeed, as we
show below, metadata are sometimes uninformative and
even misleading to the inference process; therefore, in
general, they should not be used as ground truth without
good theoretical arguments.

We present our work in terms of the problem of link
prediction in recommender systems [11,12,26], in which
the goal is to predict the association between users and
items (for example, books or movies). However, our
conclusions apply to model-based, probabilistic approaches
to network inference, in general. We introduce a multipar-
tite network model that encompasses and generalizes
previous attempts to use node metadata in network infer-
ence problems (Fig. 1). Within this framework, the problem
of link prediction in general unipartite or bipartite networks
is just a particular case. Unlike most previous approaches,
our multipartite network model allows us to control the
importance of the node metadata and thus to investigate
when and how metadata help in the inference.

We find that, contrary to what one may expect, node
metadata do not affect the inference problem gradually.
Rather, even when the weight of metadata increases
smoothly, the inference process undergoes a crossover
from a situation in which metadata do not play any role
to a situation in which metadata completely dominate the
inference process. When network data and metadata are
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FIG. 1. Multipartite mixed-membership stochastic block model

with labeled links. In panel (a), we cast the recommendation
problem (in which one aims to predict how users will rate certain
items) into a network inference problem. Here, users rate movies
with three possible ratings (green, orange, or red). Additionally,
we have excluding attributes for users (two excluding genders
and three excluding age groups, represented by different shades
of the same color) and nonexcluding attributes for movies (two
movie genres; the connection to these attributes is binary, yes or
no, but, in general, it does not need to be). Similar to ratings, we
represent these attributes as bipartite networks. Although we
frame our description of the model in terms of recommendations
or link prediction in a bipartite network, the problem of link
prediction in regular unipartite networks is just a particular case in
which user nodes and item nodes are the same. In panel (b), each
bipartite network in the multipartite network is modeled using a
mixed-membership stochastic block model (see text). The indi-
vidual block models are coupled by the user and item member-
ship vectors (8 and 7, respectively), shown in panel (c) along with
all other model parameters and their dimensions (see text).

partly correlated, metadata optimally contribute to the
inference process at the crossover between data-dominated
and metadata-dominated regimes. This crossover is remi-
niscent of (but distinct from, in that it is induced by
the metadata) transitions in the detectability of node
groups [27-29] or in semisupervised network inference
problems [30].

II. MULTIPARTITE MIXED-MEMBERSHIP
STOCHASTIC BLOCK MODELS
WITH LABELED LINKS

We introduce a very general network model based on
stochastic block models [3,31,32] that allows us to deal
with (directed or undirected) unipartite and bipartite net-
works, whose links are binary or labeled, and with node
attributes of different types that can be combined as needed
(Fig. 1). As we discuss below, this model extends and
generalizes previous models.

In what follows, we use the terminology of recommender
systems [11,12,26] although, as previously mentioned, the
model is completely general and applicable to any type of

relational data with node attributes. Our objective is to
model a bipartite network with labeled links connecting N
users to M items (for example, movies or books). Links r;;
represent ratings of users i to items j and are labeled; that is,
r;; can take values in a finite discrete set such as
{like, dislike}, {green, yellow,red}, or {0, 1,...,R}. To
model these ratings, we assume that (i) there are user
and item groups, and users and items belong to mixtures of
such groups; (ii) the probability that a user i rates item j
with r;; depends only on the groups to which they belong.
These assumptions lead to a bipartite [10,11,33] mixed-
membership [34] stochastic block model [12] in which the
probability that user i gives item j a rating r is

Prrjj =r] = Zgiaﬂjﬂpaﬂ(r)- (1)
o

Here, 6, is the normalized membership vector of user i,
and each element 6,, represents the probability that user i
belongs to group a (with ), 6, = 1). Similarly, #; is the
normalized membership vector of item j; 77,5 represents the
probability that item j belongs to group f. Finally, p,,(r) is
the probability that a user in group @ and an item in group /3
are connected with a rating r. The normalization condition
here is ), pus(r) = 1.

We note that the association between nodes (users and
items) and their attributes can also be represented as
bipartite networks. Therefore, we can model node-attribute
associations in a similar manner to ratings. Because we are
interested in how node attributes can help in the inference
of the model parameters (6,7, p) for ratings, we consider
that membership vectors for users (@) and items (#) in their
respective attribute networks are the same as in the model
for the ratings.

We consider both excluding and nonexcluding attributes.
For excluding attributes, having one attribute precludes
from having another; for example, a user’s age group
cannot be 30-39 years old and 40-49 years old simulta-
neously. We model each set of excluding attributes as a
single attribute node (for example, an age node) that is
connected to users or items through labeled links (each
label representing a mutually excluding age group in the
example). The probability that user i has an excluding
attribute e (that is, the probability that the link e;, between
user i and attribute node 7 is of type e) is

Pr[eif = 6] = ZeiaQa(e)’ (2)

where g,(e) is the probability that a user of group a has
an attribute of type e, and ), g,(e) = 1. For items, the
expression is identical except that we use item membership
vectors 7 instead of user membership vectors 6.

We also consider nonexcluding attributes, such as item
genre (for example, a movie could be both “action”
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and “western””). We model each of these nonexcluding
attribute types as individual attribute nodes connected to
user or item nodes by links that are typically binary (either
do or do not have the attribute) but that could, in general,
also be labeled. Then, the probability that item i has
attribute g of type a is also modeled using a mixed-
membership, bipartite stochastic block model

- Cl} = Zeia ggy@ay(a)? (3)

where ¢, is the membership vector of attribute g and
oy (a) is the probability that a user in group a has an
attribute of type a for an attribute in attribute group y. As
before, the expression for item nonexcluding attributes is
identical, just replacing user membership vectors € by item
membership vectors 7.

III. MODEL POSTERIOR AND INFERENCE

Our objective is to model the observed ratings R and to
predict the value of some unobserved ratings R. For this,
and given Eq. (1), we need to infer the parameters @, , and
p from R?. The posterior distribution over these parameters
is given by

P(77

) & P( .p)P(6.1.p)
= L*(0,n.p)P(0.1.p), (4)

where LR(,57,p) = P(R°|0,7,p) is the likelihood of the
model and P(@,n,p) is the prior over model parameters.
According to Eq. (1), the likelihood is

L*0.np)= [] [Ze,-{,n,,-ﬁpa,xrg)]. (5)

(i,j)ERC - af

Similarly, if we decide to jointly model the ratings
and the metadata encoded in the observed user and item
attributes A?, we also need to infer the values of the
parameters &, ¢, and ¢) using the posterior

P(0.1,¢.p.4.4|R?, A?) « L¥(0,7.p)[ [L*(0.7.¢.4.4)
k

xP(0.n.¢.p.q.9), (6)

where LA (0,7,¢.q.4) = P(A2|0,1.€.,9.§) is the likeli-
hood of the kth attribute network (for example, the age
attribute network for users or the genre attribute network
for items). For the kth excluding attribute, this likelihood
reads

LA(0.1.q

- I [Soadttepr]. 0

(it )eAl - a

where 7, is the kth excluding attribute and the product is
over all nodes i for which we observe attribute .
For the kth nonexcluding attribute, we have

o.n.¢.9) = [] [Zemcwqay ay ,g)] (8)

(i.g)eAl b ar

where the product is over all observed associations between
nodes 7 and attributes g within the kth class of nonexcluding
attributes.

Ignoring normalizing constants, and in a spirit similar to
Refs. [18,25], we define a parametric log-posterior as

n(0.n.8.p.q. )
= LRO.1.p) + Y MLM0.1.8.9.9).  (9)
k

where

log L*(0.7.p).
log L*(0,1.¢.4.9)

L(0.n.p) =
'cAk (07 n, C? q, Q) =

are the log-likelihoods of ratings and attributes, respec-
tively. For 4; = 0, we recover Eq. (4) with uniform priors
on the parameters, thus completely ignoring all metadata.
Conversely, for 4, = 1, we are jointly modeling the net-
work of ratings and the network of attributes as in Eq. (6),
with uniform priors on the parameters. By tuning the values
of J;, we can interpolate between these situations and
extrapolate to others with 4, > 1; in the limit 4, — oo, we
only model the attribute network.

To interpret the parametric log-posterior in Eq. (9),
consider the case where 4, € N* is a natural number.
In this case, for each observed attribute link, there are A,
identical terms in the likelihood, exactly as if the corre-
sponding attribute links were observed 4, times independ-
ently. For example, the posterior we obtain with 4, = 2 is
identical to what we would obtain if we had two indepen-
dent sources for attribute k, if both sources coincided in all
cases, and if we modeled each of them with the 4, = 1
generative model. Note that, because of this, each attribute
likelihood is automatically normalized as in the 1, =1
case, except that, if there are M, observed attribute links,
the normalization is over the space of networks with 4, M,
links, instead of M. The case with other positive values of
A, {A>0;4&NT}, can be interpreted as interpolating
between integer values of 4;.

Given this interpretation of the log-posterior as a
whole, the terms corresponding to the attribute models
can indistinctly be interpreted as part of the likelihood
of a joint model of ratings and attributes, similar to
Refs. [18-20,24,25], or as a nonuniform prior over mem-
bership vectors as in Refs. [17,21,22]. If interpreted as part
of a joint model, then 4; can be seen as some factors that are
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needed because attribute data are somehow less (or more)
reliable than rating data, perhaps because we have reason to
believe that attributes are more (or less) subject to noise, or
because each rating corresponds, in fact, to a mean over
several observations. Conversely, if interpreted as priors
over the partitions, 4; should be interpreted as hyper-
parameters defining how certain we are a priori about the
importance of node attributes.

Either way, this parametrized posterior allows us to
investigate how the metadata encoded in the attribute
networks enter the inference process for the ratings, and
under which conditions this results in better and more
predictive models for those ratings. To do this, we maxi-
mize the posterior for fixed values of 4; using an expect-
ation-maximization (EM) algorithm [12,21,24,25] (see the
Appendix A), which gives the most plausible parameter
values (including group memberships). Because the pos-
terior landscape is, in general, rugged, we perform several
runs of the EM algorithm and compute the average
probability for each unobserved rating to make predictions
(see Ref. [12] and Appendix A).

IV. RELATIONSHIP TO PREVIOUS WORK

The literature on using metadata for link prediction and
recommender systems is vast and includes all sorts of
approaches ranging from simple heuristics to sophisticated
machine learning methods. However, our interest here is
more closely related to probabilistic approaches to network
inference, even when those approaches are not applied
directly to link prediction [13,17,18,20-23]—as shown in
Refs. [19,24,25], once model parameters are inferred for,
for example, community detection, they can easily be used
to predict links as well.

Our focus on approaches based on probabilistic gen-
erative models is motivated by three characteristics of
such approaches: (i) All assumptions in them are explicit;
(i1) principled (as opposed to heuristic) and sometimes even
exact inference approaches are possible; and (iii) their
results are more readily interpretable. These three charac-
teristics make probabilistic approaches especially appro-
priate for our ultimate goal of understanding how node
attributes enter and help in the inference process.

From this perspective, the multipartite mixed-member-
ship stochastic block model is useful because it extends
and generalizes previous models. By introducing excluding
and nonexcluding attributes, the model can simultaneously
accommodate attributes like those considered in
Refs. [21,25] (excluding) and in Refs. [18,20] (nonexclud-
ing). It can also combine an arbitrary number of attributes
of different types, unlike approaches that can only deal with
single attributes [21,25] or, more often, with a single type
of attribute; and it naturally deals with missing attribute
data, unlike approaches that require all node attributes to
be known [17,22]. Since attributes are modeled with a
stochastic block model, our approach also automatically

clusters attributes that have similar effects on the data (for
example, age groups that show similar behavior) as in
Ref. [20]. Unlike most previous approaches for attributed
networks, nodes and attributes in our model belong to
mixtures of groups, which makes the model more expres-
sive [12]; links between nodes and to attributes can be
labeled; and the influence of the attributes can be adjusted
(as in Ref. [25]). As stated above, this last feature is
precisely the main focus of our work.

V. SYNTHETIC DATA

We first use synthetic data to validate the expectation-
maximization inference approach and to investigate the role
of introducing node attributes. Here and throughout the
validations in the coming sections, we quantify link
prediction performance by measuring rating prediction
accuracy, that is, the fraction of correctly predicted ratings
in cross-validation experiments.

Our synthetic rating networks consist of 200 users and
200 items, partitioned into K =2 groups of users and
L =4 groups of items. Users have an excluding attribute
labeled “male” or “female,” and items have an excluding
attribute labeled from O to 3, which may represent four
different genres. We generate the synthetic ratings r;; €
{0,1,2} with the model depicted in the central part of
Fig. 1, the p matrices in Appendix C, and the membership
vectors that we describe next.

Attribute links are generated as follows. In the simplest
case, in which ratings and attributes are completely corre-
lated, all female users have membership vectors 0y =
(0.8,0.2); conversely, all male users have 6, = (0.2,0.8).
Similarly, an item with attribute @ has a membership of 0.8 to
group a and 0.067 to all other groups. To simulate partial
correlation ¢ or even no correlation (¢ = 0) between mem-
bership vectors and attributes, with probability 1 — ¢, we
reassign each node attribute to a value selected uniformly at
random among all possibilities (2 for users and 4 for items).

For the experiments reported in Fig. 2, we consider all
attribute links but only a number |R?| = 400 of observed
ratings (that is, 1% of all generated ratings). Although the
synthetic data are created with item genre as an excluding
attribute, we carry out the inference process assuming that
genre is a nonexcluding attribute. We do this for two
reasons. First, in the empirical data set discussed below,
most movies only have one assigned genre despite the fact
that they could (and sometimes do) have more than one.
Therefore, it seems reasonable to assign one genre and
evaluate if the algorithm discovers this pattern despite
having the freedom to assign several genres to each movie.
Second, no empirical data set can be expected to be drawn
exactly from a proposed generative model, so this provides
us with a way to validate the expressiveness of the model,
that is, its ability to fit data sets that were not drawn exactly
from the model.
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FIG. 2. Predictive performance and effect of metadata on synthetic ratings. We create synthetic ratings from 200 users on 200 items,
with different levels of correlation ¢ between ratings and node attributes (see text). We then use fivefold cross-validation to calculate the
performance of the expectation-maximization equations at predicting unobserved ratings. We use accuracy a (that is, the fraction of
correctly predicted ratings) as our performance metric; we take as a reference the predictive accuracy ay, = 0.468 of the algorithm when

all attributes are ignored (A,e

= Jiem = 0) and measure relative accuracy a for a given pair (dyer,diem) as the log-ratio

A(Ausers Aitem) = 108 [a(Ausers Aiem )/ @o]- The value a(Aygers Aiem) = 0 (dashed line) thus indicates no change with respect to the reference
ag = 0.468, and a(Aysers Aiem) > O [respectively, a(dyger, Aiem) < 0] indicates predictions that are more (less) accurate than those
obtained by ignoring node attributes. The maximum possible relative performance (a,,, = 0.580; dotted line) is obtained when each
rating is assigned the exact probability that was used to generate it. For each value of the correlation [(a,b) full correlation, ¢ = 1; (c,d)
¢ = 0.75; (e,f) ¢ = 0.50; (g,h) no correlation, ¢ = 0], we show the variation of at(Ayer, Aiem) With i, for different values of Ay, (left),
and the whole dependence of a(dyeer» Aiem) ON both Ay and e (right).

We infer the values of the model parameters using
the expectation-maximization equations, and we use the
inferred parameters to predict unobserved ratings in the
bipartite ratings network. We do this for different levels of
correlation ¢ between the ratings and the attribute networks
(Fig. 2), from a situation ¢ = 1 in which the attributes are
perfectly correlated with user and item membership vectors
(all male users belong to one group and have identical

parameters, and all females belong to another group with
different parameters; items of the same genre belong to the
exact same mixture of groups) to a situation ¢ = 0 in which
user and item memberships and attributes are completely
uncorrelated (Fig. 2).

Since we focus on sparse observations in which the
number of observed ratings is low (only 1% of all ratings),
model parameters cannot be inferred accurately from the

011010-5



FAJARDO-FONTIVEROS, GUIMERA, and SALES-PARDO

PHYS. REV. X 12, 011010 (2022)

ratings alone. Therefore, when we only consider the
observed ratings R? and ignore all attributes A by setting
Auser = Aitem = 010 Eq. (9) (Ayser and Ay, correspond to the
user and item attribute networks, respectively), the pre-
diction of unobserved links is suboptimal; that is, the
inferred probabilities of unobserved links differ signifi-
cantly from the actual probabilities used to build the
network. Therefore, in this regime, Ayer = Ajem = 0, the
prediction accuracy (that is, the fraction of correctly
predicted ratings) is always lower than the theoretical
maximum accuracy (Fig. 2).

When there is perfect correlation between node attributes
and group memberships, considering the attributes AY by
setting Adyeer > 0 and Ay, > 0 should, in principle, help in
the inference process. In fact, since attributes are perfectly
correlated to group memberships, in the limit 4,4, — o
and A — o0, nodes will be forced into the correct groups
and predictions should be near optimal. This is what we
observe in our numerical experiments [Figs. 2(a) and 2(b)].
Interestingly, as we increase the weight of the attributes
in the log-posterior from A, = 4jem = 0, the effect on
prediction accuracy is not smooth. Rather, below certain
threshold values of 4, and A;;.,, using the attributes does
not have any significant effect on prediction accuracy.
Then, at those threshold values, a crossover occurs and
prediction accuracy increases after a certain point until it
reaches its theoretical maximum, as expected.

When attributes and ratings are completely uncorrelated
[Figs. 2(g) and 2(h)], the role of attributes is reversed.
Predictions are equally suboptimal at A, = Ajen = 0, but
then, as A, and Ay, cross certain threshold values,
predictions suddenly worsen as user and item nodes are
forced into groups that are uncorrelated with their real
membership vectors and, thus, with the observed ratings. In
this situation, clearly, treating metadata as ground truth
would be particularly misleading [23]; our approach
enables us to show when that would be the case.

Unlike the extreme cases of total correlation or zero
correlation, when attributes are partly correlated with the
true group memberships of the nodes, the change in
performance is not monotonic as we increase the impor-
tance of the attributes. As before, when A, and 4., are
small enough, we observe no difference with the situation
in which the attributes are ignored entirely. In the other
limit, when A,e; — o0 and 4, = o0, user and item nodes
are forced into groups that partly, but not perfectly, match the
true group memberships of the nodes, so the performance
may increase or decrease with respect to the situation with
no attributes, depending on whether the correlation is high
[Figs. 2(c) and 2(d)] or low [Figs. 2(e) and 2(f)]. However, we
find that the most predictive models in this case are those at
intermediate values of A, and 4., precisely at the cross-
over region where both the observed ratings and the observed
attributes play a role in determining the most plausible group
memberships.

VI. THEORETICAL INTERPRETATION
OF THE CROSSOVER

To better understand this crossover, we look at the
posterior of the two models corresponding to the maximum
a posteriori estimates for Ay, = Aiem = 0 and for Ay, =
Aitem — o (Fig. 3). These are the most plausible models
when only data (ratings) and only metadata (attributes),
respectively, are taken into consideration.

If we draw upon the analogy between Bayesian statistics
and statistical mechanics [35,36], we can equate the log-
posterior to the (minus) free energy of a physical system
and interpret the crossover in terms of a transition in which
A plays the role of the tuning (temperature-like) parameter.

- 4 T ——— a
g i ~3000 (@)
3 .S -3200
52
0 _ . .
_:8_ 34009 Optimal model for data
g 936001 Optimal model for attributes
L IR Optimal model at transition
-3800-
““._4 |_3 |_2 T |_1 |0 |1
10 10 10 10 10 10
=
® -
25 -35004
]
@ :
° Q -4000q1 —— Optimal model for data
§ g> —— Optimal model for attributes
— —45004 T Optimal model at transition
l_4 HHl_3 l_2
10 10 10
=
o - 3500+
£9
[3
£ 4 -4000-
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® 5 ) )
8 245004 Opt!mal model for attn!.)L.Jtes
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- = SUP T i T,
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® © -4000
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HH|_4 |_3 |_2 L |_1 |0 I’I
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A
FIG. 3. Crossover between data-dominated and metadata-

dominated inference regimes. For the synthetic data in Fig. 2,
we plot the log-posterior z(8,1,&,p, q,§|R®, A?) as a function of
the hyperparameter A = A;;o, = Ayser fOr three models: the model
that maximizes the data likelihood L, the model that maximizes
the metadata likelihood L4, and the model that maximizes the
posterior when two previous cases cross (that is, have equal
posteriors). The position of the crossing coincides with the
crossover and the maxima observed in Fig. 2.
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Within this framework, these extreme models are the
dominating maxima in the posterior landscape (or, by
analogy, the states of the system at the two sides of the
transition); therefore, the predictability crossover occurs
when the data-dominated and metadata-dominated log-
posteriors cross, that is, for a value 1* such that

LR+ 2Ly = LR + 27 L4 (10)
or
LR — LR
r="9 "= (11)
L£a —rca

Here, the subindex O (or oo) indicates the quantities
corresponding to the model that maximizes the posterior
for Auer = Aiem = 0 (respectively, Ayer = Ajem — ©0), and
we group all attributes in a single term £4. As we show in
Fig. 3, we find that, indeed, the crossover in predictability
in Fig. 2 coincides (at least in order of magnitude) with the
point where the data-dominated and metadata-dominated
log-posteriors cross. This crossover is reminiscent of the
detectability transition in graph clustering, which is asso-
ciated to a similar crossover phenomenon between the
eigenvalues of certain matrices [28,29].

Importantly, all log-likelihoods are extensive quantities.
Therefore, the dependency on the number of observed
ratings Ny and attributes N, can be made explicit by

defining intensive (that is, per-link) log-likelihoods
R = LR/Ng and #4 = LA/N,. Then,
N
o~ R (12)
Ny

and at the crossover A*, we have that both £ ~ Ny and
A*LA ~ N are of the same order. By considering Eq. (9),
we see that this must be the case. Indeed, for each attribute
network, we find three regimes—one dominated by the £
term, one dominated by the £ term, and one in which
both terms are comparable. Unless there is perfect or
almost perfect correlation between attributes and node
memberships, any improvement in predictive power must
come from considering both the observed ratings and the
observed attributes, and therefore in the crossover region
that we have identified.

VII. REAL DATA

Finally, we analyze two empirical data sets and study
whether we observe the same behaviors as in the synthetic
data. First, we consider the 100-K MovieLens data set [37],
which contains 100 000 ratings of movies by users. Age
and gender attributes are available for users, which we
model as excluding attributes (Fig. 4). Movies have genre
attributes, which we model as nonexcluding attributes.
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FIG. 4. Predictive performance and effect of metadata on the
MovieLens data set. As in Fig. 2, we take as a reference the
predictive accuracy a, of the algorithm when all attributes
are ignored (Ayeer = diem = 0), and we measure relative
accuracy a for a given pair (Ayersdiem) as the log-ratio
A(Aysers Aitem) = 10g [@(Ayser» Aitem )/ @o]. Accuracy is the fraction
of correctly predicted ratings in cross-validation experiments, and
ag = 0.448. We consider three different attributes for user nodes:
(a,b) age; (c,d) gender; and (e,f) age and gender combined as a
single attribute. We plot the whole range of 1., (left) and zoom
into the intermediate (shaded) region of 4, in which predictions
are significantly more accurate than the reference (right).

The relative weights of user and movie attributes are given
by the parameters Ayrs and Aiiems-

Just as in the synthetic networks with small but finite
correlation, we observe an intermediate value of A, and
Aiem that provides more accurate rating predictions than
either considering the observed ratings alone or considering
the node attributes alone. This behavior is similar when we
consider age only, gender only, or age and gender simulta-
neously. As in synthetic networks, the optimal combination
of rating data and node metadata occurs for values of 4 such
that the ratings network and the attributes networks have
comparable contributions to the log-posterior.

Second, we consider a data set on the votes of 441
members of the U.S. House of Representatives in the
108th U.S. Congress [38] (Fig. 5). Between January 2003
and January 2005, these representatives voted on 1217
bills, casting one of 9 different types of vote, which,
following previous analyses, we simplify to Yes, No,
and Other [38]. In this data set, “users” are the represent-
atives and “items” are the bills. The ratings represent the
votes of the representatives on the bills. For representatives,
we have attribute data indicating their party and state,
which we model as excluding attributes. Although all
votes of all members are recorded in the data set (in total,
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FIG. 5. Predictive performance and effect of metadata on the

U.S. Congress data set. As in Fig. 2, we take as a reference the
predictive accuracy ag of the algorithm when all attributes are
ignored (4., = 0) and measure relative accuracy a for a given
Auser @s the log-ratio a(Ayger) = 10g [a(Auser)/ag]. Accuracy is the
fraction of correctly predicted ratings in cross-validation experi-
ments, and ay = 0.677. We consider three different attributes for
user nodes: party, state, and party and state simultaneously.

536 698 votes), for the purpose of our analysis, we infer the
parameters of the multipartite mixed-membership stochas-
tic block model using 1% of the data and predict the
remaining 99% (and repeat this using each 1% of the data
as the training set).

Again, the effects of introducing the attributes in the
inference process are very similar to those we encounter in
synthetic data (Fig. 5). When using only the state of the
representatives, we observe a behavior that is compatible
with small but finite correlation between attribute and
voting patterns since the optimal predictive performance
is observed at intermediate values of 1.,. Rather, when we
consider party affiliation, we observe a behavior that is
compatible with almost perfect correlation between attrib-
ute and voting behavior. Indeed, in this case, the predictive
performance of the model increases monotonically with
Ausers With a crossover at Ay, =~ 1, just as for perfectly
correlated attributes in synthetic data. When state and party
are combined into a single excluding attribute (for example,
“Democrat from Texas” is a group), we observe a behavior
compatible with strong (but imperfect) correlation between
attributes and voting behavior. In this case, predictive
accuracy does not improve monotonically with A,
because, for very large values, representatives are forced
into small groups that are more prone to fluctuations; that
is, the model overfits the data, thus worsening the pre-
dictive power with respect to considering large groups
associated to party affiliation alone.

VIII. CONCLUSION

There is ample evidence that using node metadata can
help solve network inference problems. As we have
discussed, several approaches have been proposed in recent
years to introduce node attributes into probabilistic network
models and to use them to make better inferences about, for
example, the group structure of networks or the existence of

unobserved interactions. In these approaches, node attrib-
utes are introduced either as part of a whole-system model
(including both the links between nodes and node attrib-
utes) or as priors over the parameters of the model for the
links (for example, as priors for the node group member-
ships that, in turn, determine the probability of the
existence of links). However, beyond the improvement
in performance that they may entail in a given task such as
group detection or link prediction, we know little about the
effect that node attributes have in the inference process.
Here, our goal has been to clarify this issue.

Regardless of whether attributes are introduced as part of
a whole model or as a prior for model parameters, they
appear in probabilistic models as additional terms in the
likelihood or the posterior. As we have shown, our results
depend on this simple observation alone—only when all
terms in these likelihoods or posteriors are comparable in
magnitude, or when attributes are perfectly correlated with
ratings, can we expect attributes to improve the inference
process. In this sense, our findings here may be expected to
be universal.

Our results are also general in that they should apply to
all model-based, probabilistic approaches to network infer-
ence problems and not only link prediction [39]. Indeed,
although, in general, the task of community detection is
different from link prediction, our probabilistic approach
to rating prediction involves obtaining the most plausible
assignment of nodes to (mixtures of) groups—we first
obtain the maximum a posteriori (MAP) partition of the
nodes into groups and then use that partition to make link
predictions [40]. Therefore, all our claims with regards to
the crossover apply equally to the MAP estimation of node
partitions with our model. By extension, our results also
apply to all probabilistic approaches to community detec-
tion in which data and metadata enter in the likelihood or
posterior as separate, competing terms.

From a practical point of view, our work helps us to
understand when certain approaches will not work. For
example, our results suggest that modeling data and
metadata jointly will only improve link predictions (or
other network inference problems) if two conditions are
fulfilled simultaneously: (i) The metadata are correlated to
the data; and (ii) the balance between the amount of data
and metadata is such that their likelihoods (L% and LA
above) are of the same order. If the first condition is not
fulfilled, using metadata will, in general, worsen predic-
tions rather than improving them; if the second condition is
not fulfilled, one may, in practice, inadvertently ignore
either the data or the metadata and thus make, again,
suboptimal predictions.

Some works have intuitively addressed this problem
by introducing tuning parameters akin to our A, [18,25].
However, the impact of those parameters has not been
studied in detail; instead, their values are typically chosen
among a very limited set by means of cross-validation.
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Our work clarifies how the value of those parameters
should be chosen and why.

Our work may also suggest new questions to investigate.
For example, we have shown that the phenomenology we
observe is driven by a crossover of posteriors, similar to the
crossover of eigenvalues driving the detectability transition
in community detection. There, connectivity correlations
can affect the transition in counterintuitive ways [28,29].
So, perhaps in the case of metadata, there are similar
effects, and the distribution of attributes among nodes
(correlated or anticorrelated with the amount of data
available for each node) shifts the optimal metadata weight
or makes metadata more or less useful, in general. These
are important practical questions.

From a broader perspective, our work opens the door to
understanding the role of different terms in probabilistic
network models, as well as the crossovers that occur between
the regimes in which one term or another dominates. This sets
the stage for more systematic approaches to building better
probabilistic models of network systems.
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APPENDIX A: EXPECTATION-MAXIMIZATION
EQUATIONS

We aim to maximize the parametric log-posterior in Eq. (9)
as a function of the model parameters @, 1, p, €, ¢, and §.
Because logarithms of sums are hard to deal with, we use a
variational trick that first introduces an auxiliary distribution
p(x) with > p(x) =1 into a sum of terms as >, x =

2 P(X)(x/p(x)). Then, because >, p(x)(x/p(x)) =
(x/p(x)), we can use Jensens’ inequality log(y) > (logy)

to write log [, p(x)(x/p(x))] 2 >, p(x)log [x/ p(x)].

Because both rating and attribute terms in Eq. (9) contain
logarithms of sums, we introduce an auxiliary distribution
for each of the terms as follows. For the ratings, we have

LR=">" 102 Oiunippap(r)

(i.j)ER? af
O jipPap(rS)
— log wi.(a’ﬂ)¥
(i%e:Ro ; ! a)ij(a’ﬂ)
0
wz ipPap\Tii
> 3 S afes g R ) an
RO af ij(avﬁ)

where w;;(a, p) is the auxiliary distribution.
For the term corresponding to excluding node attributes,
we have

LA = " log) 0u4k(ity)

(i.ty)eA? a
1a¢Ia ”’ﬂk)
= log » o;
(L%AO Z fk lf ((X)
zaqa(”’ﬂk)
SO R
(1 FEA? @ Oig, (X

where akf (a) is the auxiliary distribution, and to simplify

the notation, we have defined g% (i#}) = qa((e,?)lfk).

Finally, for the term corresponding to nonexcluding node
attributes, we have

CAI‘ - Z IOg Zaiaglgyéay(ig)

(i.g)eA? ay
_ Z logz zaé’ng(ly(lg>
(i.g)EAO lg(a 7/)
DD STt L LIS
(i.9)eA? ar Gig(a’ 7)

where &; g((x y) is the auxiliary distribution, and to simplify
the notation, we have defined g% (ig) = gk, ((a?); )

Note that, in Egs. (A1)-(A3) above, the equality is
satisfied when maximizing with respect to the auxiliary
distributions. By solving these optimization problems, we
obtain

gm”//)’pa[)’( 0)

ii(a, p , A4
J< ) Za’ﬂ’aldnjﬁpaﬁ( ) ( )
00 (i)

k — ”’0‘—, A5

Glfk (a) Z(l’eia/qlg/ (ll’ﬂk) ( )
0iaC ey (i9)

&% (ay T A6

]( ) Za’y’gldé’gy 9oy (lg) ( )

Therefore, the auxiliary distributions have the following
interpretations: w;;(a, f) is the contribution of user group a
and item group f to the probability that user i gives item j a
rating r9; 5 é}k (a) is the contribution of user group (or item
group) a to the probability that user (item) i has attribute
type (ef);s, in the kth excluding attribute; and, finally,
8{fq(a, y) is the contribution of groups a and y to the
probability that, for the kth nonexcluding attribute, the
association between node i and attribute g is of type (a,?)l-g.
Using Lagrange multipliers for the normalization con-
straints and equating to zero the derivatives of the log-
posterior with respect to the model parameters yields
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eia =

D jeor 2op @i (A ) + D Aoty (@) + Zz’llzgeak >, i, 7)

d; + > 08 + 3 A

(A7)

where 0¥ is the set of kth attributes associated with user i, d; is the degree of user i in the network of ratings, and Al = |9;/|.
Note that the term o-f‘fk( a) is equal to zero if user i does not have attribute £}, so 55 = 1 if user i has exclusive attribute £

and zero otherwise:

Y icoj 2o @if (@ B) + DAkl (B) + Zlﬁlzl‘eaf >, 61(B.7)

Nip =

where 8? is the set of kth attributes associated with item j,
d; is the degree of item j in the network of ratings, and
A% =9}'|. As before, the term &%, (§) is equal to zero if
item j does not have attribute ¢, so 6? =1 if item j has
exclusive attribute £}, and zero otherwise,

Ele() Za 1g( )

Ak '

Loy =

(A9)

where 8’; is the set of nodes associated with attribute g, and
Ak =10,%|. Additionally, we have

Z(i.j)eR0|r?j:rwij<av p)

Py (I‘) = ) (AIO)
/ Z(i,j)eR(’wij(%ﬂ)
Z(zf )eA [(e ) =e kf ( )
k k ity Wk
qale) = . (A1)
Y i) 0, (@)
i 0 =a 5{ (a ]/)
qu(a) — Z( ~g>€Ak |( ) g9 (AIZ)

Z(i.g)eAfG;{g(a7 v)

APPENDIX B: EXPECTATION-MAXIMIZATION
ALGORITHM

To obtain a maximum of the posterior, we start by
generating random initial conditions for each model
parameter 0,7,p,&,q.q.

Then, we iteratively perform the following two steps
until model parameters converge:

(1) Expectation step: Compute the auxiliary functions
w;j(a, B), o}, (), and 6} (a, y) using current values
for 8,1,p. ¢, q,q using Eqs. (A.4)—(A.6).

(2) Maximization step: Compute the new values for the
model parameters using the values for the auxiliary
functions and Eqgs. (A.7)—(A.12).

Because the posterior landscape is very rugged, to

make predictions, we run the EM algorithm 10 times
and consider all of the models to estimate the probability

dj 4 348 + 2 A,

(A8)

that user i rates item j with rating r (see Ref. [12]) as
follows:

p(r; = rlR%,AQ) ~ an(rl,—rmo AQ.(...),

(B1)

where (...) ={0.n.p.£.q.4}, and p,(r;;=r|R°,AQ.(...))
is the probability that user i rates item j with rating r in run
n of the EM algorithm.

APPENDIX C: PARAMETERS FOR
GENERATING SYNTHETIC DATA

For the generation of synthetic data, we use the following
group-to-group connection probability matrices:

08 0.1 0.1 0.1
01 0.1 0.8 0.1
0.1 0.8 0.1 0.1)
08 08 0.1 0.1
0.1 0.1 0.8 0.8)'

P(r:O):<0~1 0.1 0.1 0.8)

p(r=1)=<

pr=2 - (
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